Abstract: Interesting deformations of AdS 5 ×S 5 such as the gravity dual of noncommutative SYM and Schödinger spacetimes have recently been shown to be integrable. We clarify questions regarding the reality and integrability properties of the associated construction based on R matrices that solve the classical Yang-Baxter equation, and present an overview of manifestly real R matrices associated to the various deformations. We also discuss when these R matrices should correspond to TsT transformations, which not all do, and briefly analyze the symmetries preserved by these deformations, for example finding Schrödinger superalgebras that were previously obtained as subalgebras of psu(2, 2|4). Our results contain a (singular) generalization of an apparently non-TsT deformation of AdS 5 × S 5 , whose status as a string background is an interesting open question.
Introduction
Integrability of the string sigma model on AdS 5 ×S 5 has provided important insight into the AdS/CFT correspondence [1] . Given the power of the associated techniques [2, 3] , considerable effort has been spent on extending them beyond this maximally symmetric example, by deforming the AdS 5 ×S 5 superstring while preserving its integrability [4] . One important class of such deformations are strings on the Lunin-Maldacena background [5] which were generalized and shown to be integrable in [6] , see also [7] . 1 More recently, a manifestly integrable deformation of the AdS 5 × S 5 superstring was constructed in [9] , resulting in a quantum deformation of the superconformal symmetry of AdS 5 × S 5 [10] . 2 The metric and B field of this model were found in [13] , a spacetime with very interesting properties [10, [13] [14] [15] [16] [17] [18] , but its interpretation in terms of string theory and AdS/CFT remains elusive. 3 The construction of [9] is based on a solution of the so-called modified classical Yang-Baxter equation which essentially has a unique solution [10] . However, shortly afterwards it was realized [20] that this construction can be conveniently adapted to yield integrable deformations based on the classical Yang Baxter equation (CYBE), which has a large space of solutions. Moreover, many of these solutions have a nice interpretation in terms of string theory and AdS/CFT, including cases such as the Lunin-Maldacena background [21] , the gravity dual of noncommutative supersymmetry Yang-Mills theory (SYM) [22] , as well as for example certain Schrödinger spacetimes [23] , which were hereby shown to be integrable. However, various confusing statements regarding the reality and integrability properties of these classical Yang-Baxter based deformations, as well as open questions regarding their symmetries and their relation to gravity have arisen in the literature [20] [21] [22] [23] [24] [25] [26] , which we would like to clarify and expand upon in this short paper.
To go into some detail, the AdS 5 × S 5 superstring action can be represented as a coset sigma model on PSU(2, 2|4)/(SO(4, 1) × SO(5)) as [27] Integrability of this model was established in [4] . By adapting the arguments of [9] , in [20] it was argued that deformations of the AdS 5 × S 5 superstring action of the form
where J = (1 − R g • d) −1 (A) with R g (X) = g −1 R(gXg −1 )g, are also integrable sigma models, provided R is antisymmetric, sTr(R(m)n) = −sTr(mR(n)), (1.3) and satisfies the classical Yang-Baxter equation (CYBE) 5 [R(m),
Here R is a linear map from a given Lie (super-)algebra g to itself, which can be conveniently represented as
for some anti-symmetric matrix r ij , where r = r ij t i ∧t j = 1 2 r ij (t i ⊗t j −t j ⊗t i ), and the t i are the generators of g. In [20] and subsequent works [22] [23] [24] [25] , this algebra is generically taken to be gl(4|4), despite the fact that the parent construction [9] suggests su(2, 2|4). Indeed, it is clear that if we want the deformed action to be real we have to restrict ourselves to u(2, 2|4). 6 Also, upon examination it is clear that the Lax representation of the equations of motion given in [9, 20] , requires a further restriction to su(2, 2|4). 7 Nevertheless, using what appear to be and are referred to as sl(4|4) R matrices 8 several interesting deformations of the AdS 5 × S 5 string action have been constructed that are real, at least at the bosonic level. Furthermore, in [25] a deformation based on a gl(4|4) R matrix was stated to be integrable, the status of which, given our statements above, requires further investigation. We would like to clarify the situation by showing that all real deformations previously considered in this setting, are, or can be, obtained from su(2, 2|4) R matrices, thereby manifesting the reality of and the existence of Lax pairs for these models. In particular, we give an su(2, 2|4) rather than gl(4|4) R matrix for the new type of deformation considered in [24, 25] .
Most of the deformations considered in this setting, such as the gravity duals of noncommutative SYM and dipole theories, as well as certain Schrödinger geometries, are based on commuting symmetry generators, at least heuristically explaining their relation to (null) TsT transformations. The R matrix for the deformation of [24, 25] is not of this type however, which means it should not be possible to obtain it by TsT transformations alone. Given this interesting status, we generalize the associated R matrix, resulting in a singular deformation of AdS 5 × S 5 . We have not verified that this background is a solution of supergravity in general. In one particular case however, this background can be obtained as a TsT transformation in the variables dual to a Schödinger dilation and a perpendicular null translation, indicating that singularities do not distinguish between TsT and non-TsT R matrices, rather that the lack of commutativity of the building blocks of an R matrix does.
We also give a simple description of the symmetries of the deformed theories, in the case of Schrödinger spacetimes finding the six and twelve supercharge superalgebras of [28] , 9 up to some subtleties that we explain. For a particular subclass of the deformed backgrounds of [24, 25] , we find a superalgebra with sixteen supercharges. Our generalization of this deformation generically preserves no supersymmetry, but precisely in the case where it corresponds to a TsT transformation, preserves eight supercharges.
In the next section we present an overview of su(2, 2|4) R matrices corresponding to various deformations studied in the literature. In section 3 we discuss the link between R matrices and TsT transformations, naturally singling out a nonzero class of deformations that does not appear to be of TsT type. In section 4 we analyze the symmetries preserved by a given R matrix deformation. 7 When considering gl(4|4) R matrices, we need to consider the derivation of [9, 20] over gl(4|4), not sl(4|4), so that we can no longer drop the term in the (matrix valued) equations of motion that is proportional to the identity (see e.g. section 1.2.1 of [2] ). This breaks the equivalence of the equations of motion to the flatness of the proposed Lax pair. We have also checked this explicitly for a U(2) R matrix deformation of the S 2 = SU(2)/U(1) sigma model. Also note the related fact that without a restriction to su(2, 2|4) the action loses its U(1) gauge symmetry A → A + dθ1, which normally guarantees that the physical degrees of freedom live in psu(2, 2|4). 8 By this we of course mean R matrices whose action is not restricted to su(2, 2|4). 9 This also matches the Killing spinor analysis of [29] .
2 Real CYBE deformations of AdS 5 × S
5
Confusion regarding the reality properties of the R matrices used in [20] [21] [22] [23] [24] [25] [26] appears to originate from the (nonstandard but perfectly valid) choice of basis for su(2, 2) used there. In fact, despite explicit claims to the contrary made in e.g. section 3.4 of [20] and section 2.2 of [24] , all R matrices that result in real actions that have been considered in this context [20] [21] [22] [23] [24] [25] preserve the real form u(2, 2|4). Hence, the actions of these deformed models are manifestly real, including the fermions that have thus far not been investigated. For the readers' convenience, here we will explicitly give an su(2, 2|4) R matrix for each of the previously considered deformations in the (standard) conventions of [2] . For completeness we include the already manifestly real R matrix for the Lunin-Maldacena deformation. We discuss the basis of [20] [21] [22] [23] [24] [25] [26] in appendix A.2. As reviewed in appendix A.1, in our conventions the bosonic algebra su(2, 2) is spanned by the γ j and [γ k , γ l ] for indices running from zero to four, while su(4) is spanned by iγ j and [γ k , γ l ] for indices running from one through five. Note that real exponentials of generators give group elements. We denote the Cartan generators of su (4) by h j where j runs from one to three, which we take to be
We will focus on the bosonic sector of the models, where we will work with the coset representative
2)
and
Here we have introduced
With these conventions the undeformed action is the string action of AdS 5 × S 5 in Poincaré coordinates. We will also use the light cone coordinates
su(2, 2|4) R matrices
The Lunin-Maldacena background [5] for real β and its three parameter generalization by Frolov [6] , can be found from the su(4) R matrix [21] 
The case γ 1 = ±γ 2 = ±γ 3 = β corresponds to the Lunin-Maldacena background. It is perhaps interesting to note that there is no generalization of this solution of the CYBE over su (4) .
The gravity dual of noncommutative SYM [30, 31] is obtained from the su(2, 2) R matrix [22] 
where a and a are the parameters used in [30] . Strictly speaking this R matrix gives the Lorentzian continuation of the Euclidean metric presented there in eqn. (2.9). It is of course possible to generalize this R matrix to a six parameter R matrix based on the independent antisymmetric products of the p µ .
Dipole type backgrounds see e.g. [32] , arise from su(2, 2) ⊕ su(4) R matrices of the form
the sum over i running from one to three here and elsewhere.
Schrödinger geometries arise from su(2, 2) ⊕ su(4) solutions of the CYBE of the form
where f ∈ su(4). One solution that has been studied in particular is [23] 
This gives a general class of backgrounds found in [33] , see also [29, 34] . 10
Other generalized scaling geometries arise from the su(2, 2) R matrix
The associated backgrounds are equivalent to the ones constructed in [25] with a = c 1 + c 2 and b = i(c 1 − c 2 ). For a = 0 the resulting background corresponds to one originally found in appendix C.1 of [35] . Our R matrix is not quite equivalent to the one used in [25] however, as the R matrix of [25] contained a u(2, 2) generator and hence did not strictly speaking manifest integrability, see appendix A.3 for details. For future reference, we would like to introduce the following generalization of (2.12)
which is also a solution of the CYBE. We will come back to these models later.
Finally, a number of other solutions to the CYBE are briefly listed in [23] . 11 We can directly translate them to our basis by following the discussion in appendix A.2. 10 The authors appear to present another independent R matrix in [23] (eqn. (3.25) there), while it in fact appears to be exactly the same as the above R matrix (eqn. (3.8) there). We hope to hereby avoid further confusion on this part.
11 Again, note that example 5 in section 3.3 is identical to the subject of section 3.2 there.
Solving the CYBE
Constructively classifying the constant solutions of the CYBE over a given Lie (super)algebra is a complicated problem that to our knowledge has not been solved to date. 12 On the other hand, it is not hard to find various solutions to the CYBE (1.4). In fact, r = a ∧ b, where a and b are any two commuting algebra elements, is an obvious general class of solutions. 13 All previously studied CYBE R matrices are of this type, with the exception of those in eqs. (2.12) and (2.13), making them particularly interesting. We will come back to this point below.
R matrices and (null) TsT transformations
The Lunin-Maldacena background, the background dual to noncommutative SYM, and also dipole type backgrounds, can all be obtained by TsT transformations, also known as Melvin twists, see e.g. [32] . Moreover, the required TsT transformations precisely involve the pairs of coordinates dual to the pairs of generators appearing in the above R matrices. Similarly, Schrödinger geometries are obtained by what is known as a null Melvin twist, which as the name suggests is nothing but the null generalization of a TsT transformation, and the R matrix picture is the same. 14 Physically a null TsT transformation (null Melvin twist) consists of (infinite) boosts in addition to pure TsT transformations, but at the formal level a null TsT transformation is nothing but a regular TsT transformation where we shift by a null direction. Let us briefly elaborate on this.
Null TsT transformations
A null Melvin twist can be applied to a background that has a time translation isometry, a spatial translational isometry, and another rotational or translational isometry [35] . Let us call the associated coordinates t, y and z. The first step of a null Melvin twist is to (Lorentz) boost in the y direction. While in general the background need not have an SO(1, 1) isometry, in our cases it will. Under this boost
After the boost we T dualize in y, shift the z field z → z + βỹ by the T dual fieldỹ, and T dualize back. We inversely boost y, and finally consider the infinite boost limit α → ∞, keeping βe α fixed. Clearly in the infinite boost limit the y field involved in the intermediate steps scales as y int e α (−t + y) where t and y are the original t and y coordinates. Hence we see that in the limit we are considering, we are doing nothing but a TsT transformation where we shift z by the null direction x − . In fact, as a TsT 12 See e.g. the introduction of [36] or §3.1.D of [37] for a discussion of what this would entail in terms of Lie algebra theory. transformation involves two T dualities, formally a null TsT transformation is really just a TsT transformation where we shift by a null coordinate, and we do not need to strictly follow the above procedure. We refer to a (null) TsT transformation where we T dualize y and shift z as a TsT transformation in (y, z). Since a TsT transformation is based on two commuting isometries, it is clear that we can associate a solution of the CYBE to any TsT transformation, which then should both produce the same deformation. 15 The converse does not appear to be the case however, as already indicated by the results of [25] .
Non TsT R matrices?
It is hard to directly relate an R matrix to a (null) TsT transformation when the associated building blocks do not commute, i.e. r = c ∧ d with [c, d] = 0, since a TsT transformation is inherently associated to two independent (commuting) isometries. An example of this situation is given by the R matrix (2.12) with a = 0, since [p − , γ 4 + γ 0 γ 3 ] = 0. Correspondingly it is apparently necessary to use S duality and TsT transformations that involve the sphere in addition to TsT transformations on AdS to reproduce the background [25] .
In this light it is interesting to consider the generalized R matrix (2.13). For b = 0 the background is given by 16
where we have used polar coordinates (ρ, ψ) in the (x 1 , x 2 ) plane. This space has a (naked) curvature singularity at z 2 = |a − c|x + , and we should consider the region z 2 > |a − c|x + to preserve the metric signature. The two terms making up the R matrix (2.13) only commute when c = −a. In line with this, we have verified that precisely in this case the above geometry also arises by a TsT transformation in (y, x − ), where y is the coordinate associated with the boost-dilation (Schrödinger dilation) x + → e 2α x + , z → e α z, ρ → e α ρ generated by γ 4 − γ 0 γ 3 , thereby explicitly verifying that it is a (singular) solution of supergravity.
For other values of c − a there should be no such interpretation, and presumably further duality transformations are required to reproduce the background. It would be interesting to verify that this background is a solution of supergravity in general, especially in light of 15 It is possible to explicitly prove that r = a ∧ b with [a, b] = 0, sTr(a 2 ) = 0, and sTr(b 2 ) = 0, results in a deformation of the (bosonic) background that is manifestly equivalent to a TsT transformation in (xa, x b ), where the xc are the corresponding dual coordinates [38] . Note however that all above deformations with the exception of the Lunin-Maldacena one, involve p µ with p µ p ν = 0. 16 The background can be readily extracted out of the deformed action following e.g. [13] or [24] . We could have presented the associated background for b = 0, but its expression is rather large and uninsightful.
the conjectures of [21, 26] . Note that for a = 0 the deformation looks remarkably elegant
but is of course still singular.
(Super)symmetry analysis
The undeformed AdS 5 × S 5 superstring action has PSU(2, 2|4) symmetry, realized as left multiplication of the coset representative g in the action (1.1) by a constant group element G, up to a compensating gauge symmetry h ∈ SO(4, 1) × SO(5)
This gauge symmetry is preserved under the deformation, and we can ask which part of the global PSU(2, 2|4) symmetry is preserved. Given the construction of the deformed action, this is straightforwardly determined by R g ; any transformation g → Gg that leaves R g invariant represents an unbroken symmetry of the action. In other words, we want the set of G for which
Translating this statement to the algebra, we want to find the generators t for which
R([t, x]) = [t, R(x)]. (4.3)
Analyzing this equation for a particular R matrix gives the subalgebra of psu(2, 2|4) that is preserved by a given deformation.
Lunin-Maldacena, noncommutative SYM, and dipole theories
By the above analysis we can readily verify that none of the 32 supercharges of psu(2, 2|4) are preserved by the R matrix (2.7) for the generic γ i deformation, while for γ 1 = ±γ 2 = ±γ 3 = β we find eight supercharges as appropriate for the N = 1 superconformal symmetry of β deformed SYM. 17 Similarly, we can verify that when the rank of α i h i is three instead of four, the R matrix (2.9) preserves four supercharges, while it preserves eight if the rank is two, in agreement with the N = 1 and N = 2 nonconformal supersymmetry of the dual theories [39] . For the dual of noncommutative SYM we find the sixteen supercharges appropriate for a nonconformal N = 4 theory [31] .
Schödinger spacetimes
Given the form of R matrix (2.11) the subalgebras of su(2, 2) and su(4) that satisfy eqn. (4.3) are given by the centralizer of p − and η i h i respectively. Of course, the centralizer of p − in su(2, 2) is precisely the Schrödinger algebra. 18 For su(4) the Cartan subalgebra remains. Now, according to the (more general) Killing spinor analysis of [34] , our Schrödinger backgrounds of the form Schr 5 × S 5 should preserve two Poincaré supercharges when η 1 ± η 2 ± η 3 = 0, and four Poincaré supercharges when in addition one of the η i vanishes. However, it was subsequently shown [29] that on special subclasses of solutions which include our backgrounds, the number of supercharges gets enhanced to six, or even twelve. Now our analysis indicates that when the rank of η i h i is three (i.e. η 1 ±η 2 ±η 3 = 0), six of the 32 supercharges survive, while if the rank is two (i.e. additionally one of the η i vanishes) we get twelve. These six and twelve are split as 2 + (2 + 2) and 4 + (4 + 4) respectively, where the additional four respectively eight supercharges we find with respect to [34] are precisely the extra two respectively four Poincaré plus two respectively four conformal supercharges of [29] . It is also easy to check that these extra conformal supercharges are obtained from the extra Poincaré supercharges by the action of the special conformal transformation of the Schrödinger algebra [29] . In fact, these superalgebras are closely related to those found in [28] . According to [28] , the Schrödinger subalgebras of N = 2 and N = 1 superconformal subalgebras of psu(2, 2|4), give superalgebras with twelve supercharges and su(2) ⊕2 ⊕ u(1) ⊂ su(4) R symmetry, and six supercharges and u(1) ⊕3 R symmetry respectively. The superalgebra with six supercharges that we are dealing with here is precisely this latter one, u(1) ⊕3 being the centralizer of η i h i in su(4) also when η i h i has rank three. When η i h i has rank two on the other hand, our superalgebra with twelve supercharges contains su(2) ⊕ u(1) ⊕2 in addition to the Schrödinger algebra, instead of the su(2) ⊕2 ⊕ u(1) R symmetry of [28] . However, looking more closely at the projectors used in [28] to derive the N = 2 subalgebra, it is clear that one of the su(2) algebras actually acts trivially on the supercharges, 19 and we would reinterpret their twelve supercharge Schrödinger superalgebra as the direct sum of a superalgebra with R symmetry su(2) ⊕ u(1) = u(2) and a separate su(2) factor. Here we simply have this minimal Schrödinger superalgebra extended by a central u(1) instead of su (2) . Similar statements of course apply to the u(1) ⊕3 of the six supercharge superalgebra, where the minimal superalgebra in fact has only u(1) R symmetry, 20 and it is not hard to check that the six supercharges we find from eqn. (4.3) are indeed charged under only one independent linear combination of our Cartan generators. We believe this answers 18 This is easy to see using the results of [40] . The Schrödinger algebra can be found there. 19 In the notation of [28] the generators of the so(4) = su (2) ⊕2 are realized via (products of) γ matrices as the question raised in [23] regarding the relation between R matrices and Schrödinger superalgebras.
Generalized scaling spacetimes
Repeating our analysis for the background (3.2), we find that it preserves eight supercharges for a = −c, sixteen for a = c, and none otherwise. 21 These eight resp. sixteen supercharges form one resp. two fundamental representations of su (4), which itself is untouched. Taking b = 0 breaks all supersymmetry regardless of the values of a and c. Regarding the remaining bosonic symmetries, note that these geometries do not have full Schrödinger symmetry for nonzero a or c, generically only preserving rotations in the (x 1 , x 2 ) plane and the Schrödinger dilation mentioned earlier, as can also be easily seen from the background.
Conclusions
We hope to have clarified the reality and manifest integrability properties of various R matrices used to construct integrable deformations of the AdS 5 × S 5 superstring, aspects of the (lack of a) link between R matrices and TsT transformations, as well as the symmetries of our R matrix deformed models. We believe that one of the most interesting remaining open questions is the classification of solutions to the classical Yang-Baxter equation, which may not be entirely out of reach for the specific case of su(2, 2) ⊕ su(4) and its lower dimensional analogues. For example, the CYBE has a two parameter family of solutions over su (1, 1) and no solution over su (2) . This two parameter su(1, 1) R matrix is of the form r ∼ aσ
Unfortunately this does not appear to yield a very pleasant deformation of AdS 2 , giving a metric dependent on global time t 22
preserving none of the SU(1, 1) symmetry of AdS 2 . In Poincaré coordinates this metric depends on time as well. Of course, many of the nice deformations we considered in the previous sections were simpler, based on commuting elements, inherently requiring higher rank algebras. A related interesting direction would be to investigate and if possible prove the equivalence of R matrices built on commuting elements to (null) TsT transformations. Even more relevant is the question whether any solution of the CYBE corresponds to a string background as conjectured in [21, 26] , and if so, what the link is between an R matrix built out of noncommuting elements, and e.g. S duality in addition to TsT transformations. 23 One way to gain further insight here would be to investigate the supergravity embedding of the generalized background (3.2), and others of its kind. Finally, many of the powerful tools associated with the integrability of the AdS 5 × S 5 superstring [3] , arise in the so-called exact S matrix approach [2] . This approach relies 21 Strictly speaking, we are finding supersymmetries of the string sigma model that do not always have to arise from supersymmetries of the supergravity background, see e.g. [16, 18, 41, 42] . 22 We work with the coordinates of e.g. [13] . 23 S duality does not generically preserve integrability.
on the 'BMN' light cone gauge that requires isometries in global AdS time and one of the angles on the sphere. Correspondingly, while tools such as the thermodynamic Bethe ansatz can be extended from AdS 5 × S 5 [43] [44] [45] [46] to quantum deformations [15, 47, 48] , 24 it is not immediately clear whether this can be done for most of the deformations described here. All deformations here, with the exception of the Lunin-Maldacena-Frolov deformation, 25 are naturally suited to AdS in Poincaré coordinates, and result in a metric with time dependence in (naive) global coordinates. It would be great to understand whether we can extend the exact S matrix approach to e.g. the dual of noncommutative SYM or Schrödinger spacetimes.
for m ∈ su(2, 2), and
for n ∈ su(4). This means that we are dealing with the canonical group metric γ 5 = diag(1, 1, −1, −1) for SU (2, 2) , and e αn and e αm give group elements for real α. The generator Ω of the Z 4 automorphism of psu(2, 2|4) acts on these bosonic subalgebras as
where K = −γ 2 γ 4 , which leaves the subalgebras so(4, 1) and so(5) invariant.
A.2 A different basis
The conventions of [20] [21] [22] [23] [24] [25] [26] are based on γ matrices introduced there as 26
su(2, 2) is then defined by imposing the reality conditioñ
on elements of sl(4) [23] . With this definition, su(2, 2) is spanned by {γ j ,
where indices run over 0, 1, 2, 3, and 5. Since the eigenvalues ofγ 0 are ±i, strictly speaking we should define notγ 0 but e.g.γ 4 as the group metric, but otherwise this is a perfectly valid choice of basis. Real exponentials of algebra elements again give group elements. Note however that the 'Cartan generators' introduced in e.g. appendix A of [23] , are not all elements of su(2, 2);h 1 there does not respect the real form, being defined ash 1 ≡ iγ 1γ2 .
Also here we can again use the γ matrices to provide a basis for su(4), now given by the iγ j and 1 4 [γ k ,γ l ] for indices running from one through five. 27 Of course it is possible to relate the basis described in this section to the one of [2] by a GL(16) transformation. In fact,γ i = γ i for i = 1, 2, 3, and all we need to do is identifỹ γ 4 = γ 5 , in line with the above discussion of the group metric. Note thatγ 4 → γ 5 cannot be achieved by a GL(4) transformation on the matrices themselves, if we wish to preserve the remaining γ i .
A.3 An example R matrix
Our prototypical example of a Jordanian R matrix 28 written in the above nonstandard basis will be r = e 24 ∧ (c 1 e 22 − c 2 e 44 ) (A.7)
26 As these conventions differ from the above, the statement in appendix A of [24] that they basically follow [2] is somewhat confusing. 27 There appears to be a typographical error in [23] where it is stated that su(4) is given by the real span of theγ j and 1 4 [γ k ,γ l ]}; su(4) reality requires an i on theγs. 28 Jordanian R matrices are antisymmetric solutions of the CYBE that are nilpotent; R k (m) = 0 for
as considered in [25] and for c 1 = c 2 ∈ R in [24] . Here the e ij denote the matrix unities, with a one in row i, column j. In [20] it is explicitly stated that Jordanian R matrices do not preserve the real form su(2, 2|4). This was repeated in [24] for this particular R matrix, while noting that in the case c 1 = c 2 ∈ R it nevertheless results in a real action. However, provided c * 2 = c 1 , the above R matrix clearly is built out of generators that satisfy the reality condition (A.6), and therefore it does preserve the real form u(2, 2|4). This explains the observation of [25] that c 1 = c * 2 is a sufficient condition for reality of the action. Now c 1 e 22 − c 2 e 44 can have nonzero trace, meaning (A.7) is generically a u(2, 2) R matrix, obscuring its status with regard to integrability. Still, we claim to reproduce the same background via the su(2, 2) R matrix (2.12). To explain this, we need to discuss the inversion of the operator 1 − R g • d in the action. By construction, the domain of the inverse operator is (p)su(2, 2|4), and by the supertrace only the su(2, 2|4) projection of its range appears in the action. Hence, the only place where one can distinguish between a u(2, 2|4) and an su(2, 2|4) R matrix, is in the space over which we invert 1 − R g • d. As the projection of a u(2, 2|4) R matrix onto su(2, 2|4) is also a solution of the CYBE over su(2, 2|4), we can (attempt to) invert such an R matrix over both u(2, 2|4) and su(2, 2|4). The outcome will generically be different however; consider for example 1 r −r 1 −1
11
(A. 8) and compare it to 1 −1 . Now, if we invert the R matrix over su(2, 2|4), no u(2, 2|4) aspect of the R matrix ever enters the problem, and we should simply consider the projection of the R matrix onto su(2, 2|4) as our R matrix. Of course, were we to invert over u(2, 2|4), we would generically find problems in the matching of the Lax pair construction with the equations of motion. It is easy to check this explicitly for the S 2 sigma model. 29 Going over the derivation in [24, 25] we see that they in fact invert over su(2, 2|4), so that they are really using an su(2, 2|4) R matrix disguised as a u(2, 2|4) one. Our R matrix (2.12) is the su(2, 2|4) projection of this R matrix translated to our basis.
